Abstract. The theory and results concerning the class of spherically symmetric non-radiating sources and fields established in an earlier paper by Gamliel et al are generalized to the nonspherically symmetric case. A procedure is described for constructing bases for the spaces of all non-radiating sources and associated fields confined to a spherical volume. An example is presented illustrating the developed theory.
Introduction
Non-radiating (NR) sources and the fields they generate have been of some interest for a number of years [1] [2] [3] [4] . The interest in this class of source/field is due, in part, to their possible use as classical, stable models of elementary particles, atoms, etc [5, 6] , and also because they arise in the mathematical setting of inverse source and scattering problems as the null space of the mapping from source (scatterer) to field [7] . In [2] two simple methods were described for constructing mathematically any compactly supported, piecewise-continuous NR source. In a more recent paper [1] an alternative procedure was presented that made use of the fact that NR fields are solutions to an overspecified boundary value problem of the Helmholtz equation. In this latter paper a procedure was presented for constructing mathematically an orthornormal basis for any spherically symmetric NR field which leads later to a (non-orthogonal) basis for the class of all spherically symmetric NR sources.
In this paper we extend the results presented in [1] to the non-spherically symmetric case. In particular, we use the fact proved in [1] that NR fields are solutions to an overspecified boundary value problem of the Helmholtz equation to generate an orthonormal basis for any NR field that is confined to a spherical volume. This basis is then used to construct an associated (non-orthogonal) basis for the associated sources. Finally, an example illustrating the results obtained in the paper is presented.
A spherical wave expansion for non-spherically symmetric NR fields
We consider a non-radiating source (NR source) that is compactly supported in the sphere D : r a and is at least piecewise continuous in D. As shown in [2] an NR source Q NR generates a field V NR that satisfies the inhomogeneous Helmholtz equation
and vanishes identically outside D. It was shown in [1] that the field V NR (r) is continuous with continuous first derivatives throughout the domain D and vanishes together with its first derivative on the boundary r = a of D; i.e.
Thus, the NR field can be characterized as a solution to an overspecified boundary value problem. This characterization will enable us to establish a spherical wave expansion and basis for all NR fields that are confined to the sphere D.
In order to generalize the results contained in [1] we need the following theorem.
Theorem 1.
Let V (r) be any continuous function compactly supported in D : r a and which vanishes on the boundary r = a. Then V admits the expansion
where
where Y l,m are the spherical harmonics and
is the spherical Bessel function of the first kind of order v where v is an arbitrary nonnegative integer. The parameters β v,n are consecutive zeros of
are normalization constants that cause the functions ψ n,l,m;v (r) to be orthonormal over D. Because of this the expansion coefficients a(n, l, m; v) are given by
The proof of the theorem is straightforward and will not be presented in detail. The key ingredients of the proof are the completeness and orthonormality of the spherical harmonics 
The proof of the theorem follows immediately from theorem 1 and the fact that the field radiated by an NR source confined to the sphere D is continuous with continuous first derivatives in D and must satisfy the homogeneous boundary conditions equations (1) and (2) at r = a.
Special case of v = 0
We note that v is an arbitrary non-negative integer and can, thus, be taken to be zero. In this case equation (3) becomes
where we have defined a(n, l, m; v = 0) = a(n, l, m) and
For this special case we have that
n+1 a and the constraint equation (8) simplifies to
where we have discarded unnecessary constants. The above results are generalizations to the non-spherically symmetric case of equations (3.9) and (3.10) established in [1] .
An orthonormal basis for non-spherically symmetric NR fields
We can use the results established in the last section to generate an orthonormal basis for all NR fields generated by NR sources confined to a spherical domain D. We will restrict our attention to the special case of v = 0 considered in the last section, although the analysis is easily extended to the general case of arbitrary positive integers v. Following the procedure employed in [1] we consider a sequence of non-radiating fields † V p (r), p = 1, 2, . . . defined by the expansions
the set V p were radially symmetric and, thus, only functions of r = |r|. Here, we are generalizing that work to the non-spherically symmetric case so that the V p are functions of the vector r.
where the expansion coefficients ν (p) (n, l, m) must satisfy (in view of equation (11)) the constraint equation
We have the following theorem. 
The fact that the set V p form a basis in D follows at once from theorem 2. The only question to resolve is whether or not the set of expansion coefficients can be chosen so that the basis in orthonormal (ON). We have that
which leads to equation (14) as a requirement that the set be orthonormal (ON). It remains to be shown that this set of constraint equations is compatible with the set equation (13). That both equations (13) and (14) can be jointly satisfied follows from the fact that each basis function V p consists of a sum of p + 1 linearly independent functions, while condition (14) only involves the first p 0 + 1 of these functions, where p 0 is the minimum of p, p . This consideration leads to the following procedure for generating the ON set. V 1 is constructed with ν (1) (0, l, m) and ν (1) (1, l, m) selected to satisfy equations (13) and (14) with p = p = 1. V 2 is then constructed with ν (2) (0, l, m), ν (2) (1, l, m) selected to satisfy equation (14) with p = 1 and p = 2. This leaves ν (2) (2, l, m) arbitrary and also leaves ν (2) (0, l, m) and ν (2) (1, l, m) arbitrary up to a single multiplicative constant. The multiplicative constant and ν (2) (2, l, m) are then uniquely determined from the constraint equation (13) and the ON condition (14) with p = p = 2. The general result follows by induction.
In summary, we conclude that the sequence {V p (r)} is an orthonormal basis for all nonradiating fields generated by NR sources localized in D as long as the expansion coefficients ν (p) (n, l, m) in the series representation equation (12) satisfy (14) as well as the constraint equation (13).
NR sources
We can use the results of the previous sections to construct NR sources as well as NR fields. Again, we will restrict our attention to the special case where v = 0, although the results can easily be extended to the more general case. We have the following theorem.
Theorem 4.
Let a(n, l, m) be any set of coefficients that satisfy the constraint (11) and that is square summable; i.e. for which
Then any finite energy non-radiating source can be expressed in the form
The proof follows by writing the d'Alembertian operator in the form
where L 2 is the square of the angular momentum operator. On making use of the above representation we find that
Next we substitute from equation (9) into equation (16), thereby obtaining
where we have used the fact that the functions ψ n,l,m (r) are eigenfunctions of the radial and angular parts of the d'Alembertian operator; i.e.
For the special case of spherically symmetric sources l = 0, m = 0 we find that the above reduces to
which is the result (equation (3.14)) established in [1] . We can apply the results of the previous section, together with equation (17), to construct a non-orthogonal basis for all NR sources localized in D. Using a procedure analogous to that in [1] , we define the sequence of NR sources Q p (r), p = 1, 2, . . . associated with the sequence of NR fields V p (r), p = 1, 2, . . . so that
Recalling that the set {V p (r)} spans the space of all NR fields generated by NR sources localized in D, it follows that the set {Q p (r)} spans the space of all NR sources localized in D. In other words, {Q p (r)} is a non-orthogonal basis for all NR sources localized in D.
It is worth noting that the individual terms in the expansion (18) are not non-radiating. It is their sum that leads to cancellation of the field outside D via destructive interference.
Special case: NR fields with separable radial-angular dependence
In this section the general theory above is applied to NR fields with separable radial-angular dependence. Let
be a general NR field with separable radial-angular dependence confined within D. By applying the results of section 2.1 to the NR field in equation (19) we obtain the following spherical wave expansion valid for NR fields of the form equation (19):
where d = sin θ dθ dφ and
Next, we apply the results of section 3 and equations (20) and (21) to construct the corresponding basis {V p (r)} for all NR fields of the form equation (19) confined within D, where S(θ, φ) is a known, prescribed angular dependence. We have that
with the angular dependence expansion coefficients a S (l, m) defined by equation (21) and the radial dependence expansion coefficients ν (p) R (n) chosen so as to satisfy the orthonormality and constraint conditions:
Again, for the special case of spherically symmetric sources l = 0, m = 0 we find that the above reduces to the results derived in [1] (cf equations (3.7), (3.16) and (3.17) and the following discussion). In that case we obtain, for the first member of the sequence
(1)
which is the result equation (3.26) obtained in [1] . The corresponding sequence of NR sources {Q p (r)} is given (in view of the results of section 4) by
Note that while the NR fields V p (r) considered above have a separable radial-angular dependence, equation (19), the corresponding NR sources Q p (r) do not factor into such a form. In the special case when S(θ, φ) = Y 0,0 = 1/ √ 4π (radially symmetric case), we obtain
which is the result equation (3.18) established in [1] . In that case the first member of the sequence is seen to be
which is the result, equation (3.27 ), obtained in [1] .
Summary and concluding remarks
We have generalized the theory and results derived in [1] for spherically symmetric NR sources and fields to the non-spherically symmetric case. The basis for the theory is the result established in that earlier paper that non-radiating (NR) fields are solutions to the inhomogeneous Helmholtz equation satisfying homogeneous boundary conditions on the boundary of the source region. The key to the generalization was the fact that the d'Alembertian operator is separable in spherical coordinates and each separated equation is of the Sturm-Liouville type with a self-adjoint operator that has a complete set of eigenfunctions. This allows arbitrary functions supported in the sphere D : r a to be expanded into a set of eigenfunctions that vanish at the boundary of the region r = a. The class of NR fields then results from such expansions if the expansion coefficients are constrained so as to require that the radial derivative of the expansion also vanishes at the boundary.
The basic eigenfunction expansion of arbitrary NR fields was used to construct an orthonormal (ON) basis for NR fields in D as well as a non-orthonormal basis for the NR sources that generate the fields. Finally, the theory was specialized to the case of NR fields having a prescribed angular dependence.
The theory and results obtained in this paper should be readily generalizable to other separable coordinate systems. In particular, a completely parallel development is possible for constructing general NR fields and sources compactly supported in volumes bounded by surfaces of curvilinear coordinate systems in which the scalar Helmholtz equation is separable. Although any arbitrary finite volume τ can be bounded by a spherical volume and the results of the present paper applied, the NR fields and sources constructed using the developed theory will, in general, fill the spherical bounding volume and will not be compactly supported in the original finite volume τ . If, however, the surface of the volume τ coincides with the surface of a separable system, NR fields and sources can be constructed that are compactly supported in the volume τ using a development parallel to that presented here but with the spherical wave eigenfunctions replaced by those associated with the specific separable system associated with the volume τ .
